We study the dependence between the insureds in multiple-life insurance contracts. With the future lifetimes of the insureds modeled as correlated random variables, both premium and reserve are different from those under independence. In this paper, Gaussian copula is used to impose the dependence between the insureds with Gompertz marginals. We analyze the change of the reserves of standard multiple-life insurance contracts at various dependence levels. We find that the reserves based on the assumption of dependent lifetimes are quite different for some contracts from those under independence as its correlation increase, which elucidate the importance of the dependence model in multiple-life contingencies in both theory and practice.
Introduction
Multiple-life insurance contract involve more than one life and pay benefits depending on the multiple life status of the insured lives. The future lifetimes (or times-till-death) of the lives involved in multiple-life contracts have been considered to be independent in traditional actuarial literature. More recently, the independence assumption has been relaxed (e.g., Frees et al., 1996) and there have been attempts to impose dependence structure via multivariate distributions or copulas. Dependence between lives in joint life contracts can arise from common accidents or life style. The assumption of independence may lead to an inadequate actuarial pricing and reserve due to insurance contracts premiums written as expected values for function of the future lifetime random variables.
The underlying dependence structure plays a crucial role in multivariate models for the calculation of many distributional quantities that include the moments. The copula developed by Sklar (1973) has been applied in many academic fields. Zhang and Singh (2006) analyze a bivariate distribution of flood peak and volume using a copula method in the civil engineering field. Schölzel and Friederichs (2008) studied various multivariate random variables in climate research such as the bivariate distribution of average daily precipitation and minimum temperature or bivariate distribution of daily wind maxima between two subway stations. Onken et al. (2009) adopted copula method to analyze simultaneous spike-counts in biology. In quantitative finance field, Li (2000) , one of famous actuaries in the world, introduces a new method of a pricing framework for credit risk derivatives that created a sensation among practitioners in the financial markets. Copulas are now traditionally applied by many scholars in the actuarial science field. Frees et al. (1996) evaluate a multiple life annuity value using a Frank copula; in addition, Shemyakin and Youn (2006) analyzed a joint last survivor insurance contract using a copula model. Shi and Frees (2011) and de Jong (2012) selected a copula method to model the dependency of loss triangles and analyze general insurance reserves.
The present article investigates the impact of the dependence between the mortalities in multiple life contracts. We use a Gaussian copula to model the dependence with the marginals modelled by Gompertz mortality. Both pricing and the reserving under this copula model are examined, with emphasizing the latter. The article is organized as follows. In Chapter 2, we review the random variables used in joint life models and introduce a Gaussian copula used to calculate the premiums and reserves of joint life contracts under dependence. We also present an alternative explanation for the relationship between multiple-life random variables analyzed by Youn et al. (2002) and reconfirm their results with a copula method. In Chapter 3, we study some reserves formulae under independence. Chapter 4 shows how the copula model alters the traditional reserve values calculated under independence. In particular, we analyze the reserves of four standard multiple-life insurance contracts which serve as basic building blocks for contract analyses, which is the topic of Chapter 5. Most of the backgrounds of insurance reserves are based on Bowers et al. (1997) and Dickson et al. (2009) , and the backgrounds of copulas on Nelsen (2006) and Cherubini et al. (2004) .
Multiple Life Insurance and Copula

Random variables for multiple-life status
Following the notations from Bowers et al. (1997) , we denote the continuous random future lifetime of a male aged x by T x . In particular, we further denote T 0 = X, a random variable representing the future lifetime of a male at birth. Then T x can be written as a conditional random variable
(2.1)
Similarly, we can define T y and Y for a female aged y. In the spousal mortality context, we define the multiple life random variables T xy and T xy by
Note that both T xy and T xy assume (x) and (y) are still alive at that time. We can also write these random variables as
and
From the definition above, we have a well-known identity
without mentioning any dependence assumption between (x) and (y). Furthermore, standard textbooks such as Bowers et al. (1997) Equation (2.7) is widely used to calculate multiple-life insurance premiums. However, Youn et al. (2002) show that, equation (2.5) is not precisely true if independence assumption is relaxed and equations (2.6) and (2.7) do not hold. They verify this using a Hougaard copula with Weibull marginals. Actually, we can use a slightly different argument from Youn et al. (2002) to prove that equation (2.6) fails to hold in general as follows. The left side of (2.6) is written as 8) where the second equality comes from the probability set operation
The right side of (2.6) is simply
Hence it is clear that the conditions given inside (2.8) and (2.9) are not identical. When X and Y are independent, (2.8) reduces to (2.9), and both yield an identical value. This discrepancy is necessarily carried over to (2.7) as well. To summarize, the proper evaluation of the left sides of (2.6) and (2.7), or multiple life random variables in general, requires the presence of precondition on the other variable, that is,
The correct expression of (2.5) that holds true in general is
The theorem of Sklar (1973) asserts that, when the marginals are continuous, a copula C with
exists uniquely for every x 1 , . . . , x d ∈ R. The copula itself therefore can be obtained from (2.12) for
To this extent, we focus on the Gaussian copula with d = 2, commonly called the Bivariate Gaussian copula 14) where Φ is the d.f. of the standard normal distribution. We calculate multiple life reserves where the dependence structure between two lives are modelled by a Bivariate Gaussian copula with two Gompertz marginals. In this article, we adopt a Gaussian copula to calculate the reserves because only a Gaussian copula allows an arbitrary correlation matrix yet still lends itself to efficient simulation techniques (see Wang, 1998) . Gompertz distribution function of T x is used to model the future lifetimes of each insured person aged x. Gompertz d.f. of T x is given by 15) where the mode, m, and the scale measure, σ, are parameters. This formula is suggested by Carriere (1994) , which is transformed from the original Gompertz d.f. for the straightforward estimation of parameters. Then, from (2.12), we may write the joint d.f. of the future lifetimes of two lives as
Note that the dependence between T x and T y has been created via the correlation ρ embedded in the Gaussian copula. When ρ = 0, (2.16) reduces to the classical independent case where the joint d.f. becomes simply the product the two marginals d.f.'s 17) which is the case for the classical independent multiple life framework.
Re-confirmation of the multiple life equalities
Using actual Korean experienced life tables, we confirm the failure of equation (2.7) using a bivariate Gaussian copula with Gompertz marginals. The parameters of Gompertz marginals are estimated by the least square method (see Lee et al., 2013) , and their values are the male's parameters m 1 = 85.69, σ 1 = 9.57, and female's parameters m 2 = 90.70, σ 2 = 8.01. For the calculation, the age of both males and females are set at 40 and a force of interest at 0.12, which are arbitrarily fixed values. We set the number of simulation to hundred thousand to keep the simulation errors under 5 × 10 −4 since the expected value of the Monte Carlo method always involves errors. After this section, when the insurance contracts are evaluated using the Monte Carlo method, a reference sample size is a hundred thousand.
Table 1(and Figure 1 for graph) ascertains that equation (2.7) fails except for the independence case, corresponding to ρ = 0 in the Gaussian copula. In particular, Figure 1 illustrates that the difference between left and right hand sides of (2.7) increases rapidly as the correlation gets close to 1. As equation (2.7) fails to hold under dependence, one needs to find an alternative way to evaluate the left side of (2.7). For this, we first derive the following identity relationship from equation (2.11):
Then we get the expected present value by taking expectation to the both sides of the equation as 
Simulating dependent lifetimes using Gaussian copula
The algorithm in this section plays an important role to calculate multiple life insurance reserves under certain given conditions (see Cherubini et al. (2004) for an in-depth look at the algorithms explained here). 
Many distributional quantities arising from (2.16) are obtained from a Monte Carlo simulation method, we now briefly discuss how random samples are drawn both conditionally and unconditionally in the presence of the Gaussian copula. Let (Z 1 , Z 2 ) be a bivariate standard normal random variable with density function 20) where −∞ < z 1 , z 2 < ∞ and −1 ≤ ρ ≤ 1. It is well-known that marginal random variables Z 1 and Z 2 are also standard normal distributed; therefore, the conditional distribution of Z 1 given Z 2 = z 2 :
See, e.g., Ross (2006) , for the properties of the normal distribution. This conditional distribution result allows a convenient way to simulate samples from the bivariate standard normal distribution in two steps as follows.
1. First, draw two random observations from the independent standard normal, and denote these w 1 and w 2 . Set z 2 = w 2 .
2. In the second step, simulate a sample from the conditional distribution (2.21). This can be done by setting z 1 = ρw 2 + w 1 √ (1 − ρ 2 ), where w 2 is from the first step.
The resulting (z 1 , z 2 ) is then a simulated sample from the bivariate standard normal distribution with correlation ρ. We now describe how to generate a random vector (t 1 , t 2 ) from the bivariate Gaussian copula (2.14) with marginal d.f.'s F T x (t 1 ) and F T y (t 2 ), as stated in (2.16). The procedure requires first to simulate a sample from the copula function (2.12) and then transform the obtained (copula) sample to the corresponding marginals via its inverse d.f. This method is actually quite general and can be applied to any copula and marginals. Table 3 describes the specific sampling steps for our choice of model. All distributional quantities (such as the expectation value and higher moments) can be calculated from this Monte-Carlo method.
In addition to the unconditional sampling explained above, we also need the conditional sampling procedure in the copula model. For example, later we will need to determine E[T x |T y < t 2 ] for multiple life reserves, which in turn requires an efficient way to sample from conditional random variables, such as T x |T y < t 2 or T y |T x < t 1 . Below we describe the conditional sampling procedure from the Gaussian copula model in several steps where the conditional random variable of interest is T x |T y < t 2 ; in addition, similar arguments can be made for other conditional random variables.
1. Generate u 1 and u 2 independently from the uniform distribution 2. Calculate k = F T y (t 2 ) and obtain u 2 k, which is always less than k. This step effectively generates samples from area T y < t 2 Normal value of
3. Let z 2 = Φ −1 (u 2 k), a standard normal sample. Then, from (2.21), we see that
4. Set w 1 = Φ −1 (u 1 ) using the inverse transform. Then w 1 is a sample from the standard Normal distribution.
5. Get a random sample from the conditional distribution of Z 1 |Z 2 = z 2 using (2.21):
6. Finally, convert z 1 |z 2 to find the t 1 |t 2 using
Here t 1 |t 2 is a sample from the conditional random variable of interest T x |T y < t 2 .
By repeating the steps above one can obtain random samples to determine various values of the conditional distributional quantities. Table 4 presents a summarized version of this algorithm.
Formulae of Reserves for Multiple Life Contracts
Multiple life reserves
For a life insurance contract issued at time 0, its reserve is generally defined by the conditional expectation of loss random variable at time t > 0 given that the insured is alive at that time. We denote a loss random variable at time t by t L that represents the difference between the present value of the future benefit the insured will receive and the present value of the future premiums the insured will pay. For a contract issued to a single life aged x, the reserve at time t is therefore defined as
However, things are slightly different for the reserve of multiple life case. Let us assume that two people (or a couple) bought a multiple life contract. Since there are two lives instead of one, we need to consider possible cases to determine the reserve at time t, with the first case being both (x) and (y) alive, and second being only one of the two alive. The loss random variable at time t then can be written using standard actuarial notations as follows.
Depending on the cases, the loss random variables give rise to the different formulae of reserves shown in the next chapter.
Multiple life insurance
We start by considering the reserve value of a fully continuous joint life insurance of 1 on the aged x and y. In this contract, the benefit is paid at the first death; thus, only the case that both insured people are alive needs to be considered. The future loss random variable at time t is
Just as in equation (3.1), the reserve at time t is the conditional expectation of loss random variable given that both insured are alive at t. That is,
Next, we consider the reserve of the last survivor insurance with a benefit amount 1 payable immediately on the second death between the two lives. The future loss random variable at time t is then
However, unlike the joint life insurance case considered previously, multiple cases as in (3.2)-(3.4) should be considered separately for proper reserve calculations. At the future time t, both (x) and (y) could be alive or one of them could have already died. Therefore, three cases of reserve values should be calculated:
where superscripts of equations, c1, c2 and c3 represent the status of its loss random variable.
Multiple life annuity
We consider two standard types of multiple life annuities (joint life and last survivor annuities) in this subsection. A joint life annuity pays continuously at a rate of 1 per year while both insureds are still alive. The future loss random variable at time t of this contract is
The reserve of this joint life annuity at time t is defined as the conditional expectation of (3.11) given that both x and y are still alive at time t:
A last survivor annuity means a life annuity pays continuously at a rate of 1 per year while at least one of the two is still alive. Similar to joint life annuity, loss random variable at time t is
(3.13) Dep.
Reserves process Indep.
Like the last survivor life insurance, the reserve of last survivor annuity is obtained separately for three cases: 16) where superscripts of equations, c1, c2 and c3, represent the statuses of its loss random variable.
Analysis of Reserves under Dependent Assumption
Reserves changes when there is dependency
Reserves at time t are conditional expectations. Therefore, some reserve values can be materially different when the dependency exists. In this spirit, we may consider four different situations depending on whether the dependence is present or not, and the process of interest is pricing or reserving (see Table 5 ). We have included the pricing dependence parameter, ρ pricing , because the correlation affects the premium calculation (see Section 2). In Table 5 we denote reserve of the insurance contract at time t as
In the table, for example, t V(ρ, 0) means that we assume dependence for the reserve, but with the premium derived from independence.
Reserves of multiple life insurance: both the insured alive
The reserves of joint life insurance contracts, assuming that the insureds pay a single premium at issue and receives a benefit of 1 increases from 0.2 to 1 over time. Figure 2 illustrates the reserve values during the contract period. Note that there is a jump at time zero. The reserves are zero at time 0 (determined by an equivalence premium principle); however, the values jump from zero and are affected by ρ in the reserve calculation. The reserves of joint life insurance decrease as ρ increases. In the left panel of Figure 2 , however, the gaps between independent reserve and dependent reserves reduce as time passes. This tendency can be explained by two reasons. The first reason is an aging effect. The dependence effect decreases gradually as one gets older because the magnitude of the mortality becomes large enough at higher ages to outweigh the dependence effect. As time passes, the insured gets older and the reserve value gets closer to the independent reserve over time. Second, all reserves have the same terminal value. Its terminal value must be 1 regardless of the correlation since joint life insurance is a type of whole life insurance contracts. The right panel of Figure 2 shows this tendency using a ratio dependent reserves to independent reserves as its measure. Frees et al. (1996) estimated the value 0.49 of Spearman's correlation coefficient from the multiple insurance data set. The estimate 0.49 indicates a strong statistical dependence between the husband's and wife's mortality. According to Fang et al. (2002) , Spearman's correlation coefficient is almost the same as the parameter of Gaussian copula. Table 6 presents some selected reserve values. In Table 6 , note that reserves of ρ = 0.6 at time 10 is proportional to 92.5% compared with the value calculated under independent assumption.
The reserves of the last survivor insurance contracts rise from 0.1 to 1, given that both insured people are still alive at time t. Compared with the reserves of the joint life insurance, the reserves of last survivor insurance increase as the dependence gets stronger. The left panel of Figure 3 shows that more dependency for insured people should result in higher reserves. The dependent reserves always lay onto the independent reserves line until the contract is expired since the expected value of T xy goes down when the correlations increase. The right panel of Figure 3 demonstrates that the ratio of the corresponding dependent reserves to the independent reserve during the contract period. At the initial period of the contract, the ratio differences are big but become smaller when the insureds get older. Again, as the terminal value of reserves should be 1, all reserve ratios converge to 1 in the long run. Table 7 present some selected reserve values. In Table 7 (for example) the reserve of ρ = 0.6 at time 5 is proportional to 114.7% compared with the value calculated under an independent assumption.
Reserves of multiple life annuity: all of the insured alive
A joint life annuity pays at a rate of 1 per year while all of the insureds are still alive, with its reserve calculated using equation (3.12). After the issue, the expected payment period shortens because mortality increases. This means that the reserves of the joint life annuity eventually goes to zero. Since the expectation of T xy increases as the correlation becomes higher, starting points of the reserves around time zero are high when its correlation is high.
In the right panel of Figure 4 , unlike the joint life insurance case, the ratios of reserves increase from 1 and then decrease to 1, making a concave shape in their peaks. In the early time periods (although the reserves are different), as seen in the left panel, the large size of annuity values makes the ratios differences indistinguishable in the figure. The ratios are more distinct as the annuity reserves become small over time and indicate that the amount of expected annuity value are small and that the amount of differences after finding the ratio cannot be ignored anymore. Finally, at the terminal point of the contract, all reserves should be zero so the ratios of reserves go to 1. The right panel of Figure  4 shows this tendency. Let us look at the reserves of the last survivor annuity. Similar to the reserves of the joint life case, the reserves of the last survivor annuity decrease to zero over time. This is because; the expected payment period at the beginning of the contract is longer than that at the end of the contract. However, compared with the joint life annuity case, the reserves of the last survivor annuity decrease as the dependence becomes stronger. It is convenient for readers to think that the difference between T xy and T xy becomes small as the correlation increases. For the ratios of reserves of the last survivor annuity (as seen in the right panel of Figure 5 ), they start from 1 and make a convex shape, finally going to 1 again as time goes to infinity. Table 9 presents some selected numbers.
Only one situation (where both are alive) needs to be considered when we analyze joint life insurance and annuity contract reserves. However, for the last survivor insurance and annuity also need to be accounted for when one of the insureds already has died at the valuation time.
Reserves of multiple life insurance and annuity: one of the insureds already died
In this subsection, we consider the reserve calculation of last survivor contracts under the assumption that one of the insureds has already died before the evaluation time t. In this case, the reserve calculation relies on the conditions like (3.3) or (3.4). Figure 6 shows the reserves of last survivor insurance and its ratio under the condition (3.3). When the future lifetimes of the insureds are mutually independent, the reserves of the contract at time t, t V(0, 0) are the same as the reserves of single whole life insurance. However, the reserves change if there exists a dependency between the mortalities of the insureds. Table 10 shows that when ρ is 0.3, the reserve value at time 0.5 is 0.349, which is higher than the independent counterpart 0.162. In the initial period, the starting reserves are quite different from the reserves under the condition that both insureds are alive. When the parameter ρ is 0.6, the reserves at time 1 is 0.649, which is higher than 0.108 in Table  7 which assumed that both insureds are still alive at time 1. To understand this substantial difference, let us consider a correlated pair of random variables. Two random variables are expected to move together (each variable simultaneously realizes a small value) under a strong dependence. Therefore, when there is a high dependence between the future lifetimes of the insureds, the reserve of the last survivor insurance is close to 1 in the initial period of the contract. The terminal reserves are almost the same regardless of the dependency level, because the insureds are getting older and their mortalities increase, which means that the correlation effect on the reserves becomes negligible.
In the case of the last survivor annuity (as presented in Table 11 and Figure 7) , the starting points of reserves are prone to decrease from the high value to zero as the dependency increases because it is likely that the remaining period of annuity becomes shorter than the independence case, given that the other insured is already dead. Opposite to the last survivor insurance case, the reserves of the last survivor annuity get smaller as the future lifetime random variables have a stronger correlation. Table Table 11 Figure 8: Cash flow and premium formula for Contract 1 11 shows that the reserves with ρ = 0.3 at time 1 is 13.15 which is lower than 16.69; consequently, the reserves value under independence because if one of the two insureds has died in the initial period of the contract, the another is likely to die within a very short time.
Contracts Analysis of Reserves under Dependent Assumption
The purpose of this section is to offer a reserve analysis for more complicated insurance contracts which are combined by building blocks already studied in Section 4. The contract assumption used in the reserves calculation is the same as before: a man aged 40 and a woman aged 40 with a force of interest at 0.05. In this section, we consider the case of dependence for reserveing, but with the premium derived from independence, which is denoted by t V(ρ, 0). We consider four different multiple-life insurance contracts with various life statuses and payment patterns.
Contract analysis 1
Contract 1 is similar to the joint life insurance, but the insureds continuously pay premiums until the point of the first death; benefit 1 is payable at that time. Figure 8 presents the future cash flow of the analyzed contract. Using the equivalence principle of premium, under the independent assumption, the net premium at issue is given by
At time t, the prospective reserve, defined in (3.1), can be written as the expected value of the conditional random variable (3.2), that is,
which can be explicitly written as Hence, for Contract 1, we can express reserves as a linear function of three components: EPV of joint life insurance, the contract premium, and EPV of joint life annuity.
(5.4) Figure 9 and Table 12 presents the reserve values (5.4) and their selected numbers, over different ρ's for both pricing and reserving sides. Figure 9 illustrates that the reserves tend to go down as ρ gets larger. For example, in Table 12 , when the independent reserve at time 5 is 0.056, the dependent reserves are 0.048, 0.036 and 0.021 when each of the correlation parameter is 0.3, 0.6, and 0.9, respectively. Note that a start point of the independent reserve is zero which is different from the reserves in, e.g., (3.8), where its loss random variable does not consider future incomes. Moreover, the starting values of other dependent reserves have negative values. Lee et al. (2013) found that the value of A xy decreases as the correlation of the insureds goes up. This is because the premium derived from independence is higher than that from a positive dependence for joint life insurance. The company has received more money than needed, and this explains negative reserves for early time periods.
Contract analysis 2
Contract 2 bears some resemblance to the last survivor insurance. As for Contract 1, the insureds continuously pay a premium until the first death occurs; however, benefit 1 will be paid at time of the second death. Figure 10 To calculate the reserve, we consider three cases written as
(5.8) Figure 11 illustrates the case where both insureds are alive at the valuation point. When the future lifetimes of the insureds are independent, the reserve starts from zero and goes to one over time. Note that the starting reserves increase, as the ρ reserves increases. According to the above premium equation, the premium of Contract 2 increases, as the correlation parameter has a high value. The premium the company received will be inadequate if the company receives the premium derived from independence assumption, but assumes that the future lifetimes of the insureds are correlated; consequently, the insurer loses money on this particular contract. The other two cases (5.7) and (5.8) can be similarly inferred from Section 4.4, and the details are omitted. 
Contract analysis 3
The future cash flow of Contract 3 is depicted in Figure 12 . In this case, the insureds pay premiums continuously until the first death, and an annuity is continuously paid after that by the insurer until the second death. From the equivalence principle of premium, the insurer's premium at issue is
The loss random variable should be distinguished by the joint life status. The three cases can be written as
Let us analyze the first case. Figure 13 illustrates the reserves under the assumption that both insureds are alive at the evaluation point. The top line of the four lines in the graph means the independent reserves which calculated under the independent assumption in pricing and reserving. This independent reserve starts from zero and goes back to zero making a "concave down" shape during the contract period. The starting point should be zero because of the premium calculated by equivalence premium principle. To understand the shape of the curve, let us state the reserves at time t given that both the insured are still alive. We can separate the reserves at time t into benefits and premium incomes. Compared to the reserve at time 10, the reserve at time 40 is bigger because the income part of (5.15) is smaller than that of (5.14). However, the reserves at time 60 is small compared to the reserve of time 40. The benefit part of (5.16) is much smaller than that of (5.15) despite the similar income amount. The expected present value of the annuity related to the premium payment period, a x+t:y+t , decrease as t gets larger. This makes the reserve decrease since it has a negative coefficient in the reserves calculation. For this reason, the reserves escalates while time passes. However, after a certain point, t is around 35 in our case, the reserve decreases although the value of annuity relating premium payment period goes to zero. This is because the value of the annuity relating benefit annuity also decrease. The insurer would not need to hold much reserve when the insureds get old after a certain amount of time passes because both the premium payment period and the benefit annuity period become short. The reserves for other cases are skipped, as it is easily inferred from Section 4.4, which contains the reserve of the annuity given condition where one of the insureds has died prior to t.
Contract analysis 4
In this subsection, we will analyze a more realistically adjusted version of Contract 3. Let us suppose that there is a couple who wants to receive an annuity after their retirement point n, or the time of death of spouse occur. To meet their needs, insurance companies can modify the terms of Contract 3 which are especially related to the premium payment period. This modified contract is called Contract 4 and Figure 14 depicts its cashflow. The insureds pay premiums continuously until the first death or n years, whichever comes first. This can be written as min(T xy , n). After the premium payment, an where t > n. The other cases can be easily inferred from the previous section. Figure 15 and Table 15 are calculated under the assumption that both insureds are alive. In comparison to Contract 3, Contract 4 has adjusted premium payment period. The reserves of Contract 4 can be analyzed by two periods: One before the premium payment has not yet finished, and the other period after the annuity initiates. Under the contract policy, after 20 years from the issue, the insurer must pay the annuity to the insureds regardless of the joint life status (unless both are dead by then). Therefore, the reserves steeply grow for the first 20 years for paying the benefit annuity. Once the 20 th year passes, the reserves of this contract are similar to the reserves of the last survivor annuity in Section 4.3.
Conclusion
This paper re-confirms identity (2.11), an important general relationship of the multiple life random variables suggested in Youn et al. (2002) , through a Gaussian copula model. As reserves are the expected values of conditional future loss random variables, the dependence between two lives materially affect multiple life reserves. Various reserves of multiple life insurance contracts are analyzed in the presence of dependence between the insureds' future lifetimes. In particular, the dependence parameter on pricing and reserving sides are separately considered in reserve calculations because of their different implications and consequences.
In the cases of the single premium contracts, we find the reserves of joint life insurance decrease as the dependence of the insured increases, while the reserves of last survivor nsurance increase on strong dependence. The situation is reversed in the case of single premium annuity contracts where we obtain higher reserves for joint life annuities as dependence increases; however, the reserves of last survivor annuities produce lower values. Using these standard results, we further analyze the reserves of various multiple insurance contracts with a level premium.
This paper suggests different correlation structures for pricing and reserving; however, they are still assumed constant during the contract period. It may be more realistic to assume that the dependency level is a function of time t. We intend to explore this topic with real datasets in future research.
